Abstract. J. Eells and L. Lemaire introduced k-harmonic maps, and Wang Shaobo showed the first variational formula. When, k=2, it is called biharmonic maps (2-harmonic maps). There have been extensive studies in the area. In this paper, we study k-harmonic immersion into a sphere, and get the relationship between radius and "k" of k-harmonic. And we also consider k-harmonic submersion. Furthermore, we construct non harmonic k-harmonic by Hopf map.
Introduction
Theory of harmonic maps has been applied into various fields in differential geometry. The harmonic maps between two Riemannian manifolds are critical maps of the energy functional E(φ) = [3] studied the first and second variational formulas of the bi-energy E 2 , and critical maps of E 2 are called biharmonic maps (2-harmonic maps). There have been extensive studies on biharmonic maps.
In 1989, Wang Shaobo [9] studied the first variational formula of the k-energy E k , whose critical maps are called k-harmonic maps. Harmonic maps are always k-harmonic maps by definition. Especially, harmonic maps are always biharmonic maps. Currently, there are a lot of paper of biharmonic maps. But in this paper, we show biharmonic is not always k-harmonic (k ≥ 3). More generally, s-harmonic is not always k-harmonic (s < k). This may imply that we must study k-harmonic maps for generalized theory of harmonic maps.
In this paper, we study k-harmonic immersion and submersion. In §1, we introduce notation and fundamental formulas of the tension field. In §2, we recall k-harmonic maps. In §3, we study k-harmonic isometric immersion into a sphere, and obtain the necessary and sufficient condition for φ to be k-harmonic map. Furthermore we get several examples of k-harmonic maps.
Finally, in §4, we study k-harmonic submersion. And we construct a non harmonic k-harmonic map by Hopf map.
Preliminaries
Let (M, g) be an m dimensional Riemannian manifold, (N, h) an n dimensional one, and φ : M → N , a smooth map. We use the following notation. The second fundamental form B(φ) of φ is a covariant differentiation ∇dφ of 1-form dφ, which is a section of ⊙ 2 T * M ⊗φ −1 T N . And we denote B(φ) by B. For every X, Y ∈ Γ(T M ), let
(1)
Here, ∇, ∇ N , ∇, ∇ are the induced connections on the bundles T M , T N , φ −1 T N and T * M ⊗ φ −1 T N , respectively. And we also denote B(e i , e j ) by B ij , where
is locally defined orthonormal frame field on (M, g).
If M is compact, we consider critical maps of the energy functional
where e(φ) =
dφ(e i ), dφ(e i ) which is called the energy density of φ, and the inner product ·, · is a Riemannian metric h. The tension field τ (φ) of φ is defined by
The curvature tensor field R N (·, ·) of the Riemannian metric on the bundle T N is defined as follows :
, is the rough Laplacian. And G.Y.Jiang [3] showed that φ : (M, g) → (N, h) is a biharmonic (2-harmonic) if and only if
2. k-harmonic maps J. Eells and L. Lemaire [5] proposed the notation of k-harmonic maps. The Euler-Lagrange equation for the k-harmonic maps was shown by Wang Shaobo [9] . In this section, we recall k-harmonic maps (cf [6] , [9] ).
We consider a smooth variation {φ t } t∈Iǫ (I ǫ = (−ǫ, ǫ)) of φ with parameter t, i.e. we consider the smooth map F given by
where
The corresponding variational vector field V is given by
Then, φ is k-harmonic if it is a critical point of E k , i.e., for all smooth variation {φ t } of φ with φ 0 = φ,
We say for a k-harmonic map to be proper if it is not harmonic.
where,
where, △ −1 = 0.
k-harmonic isometric immersion
In this section we consider k-harmonic isometric immersion φ : (M, g) → (N, h) from an m-dimensional compact Riemannian manifold into an n-dimensional Riemannian manifold. And in this section, we denote the second fundamental form B(e i , e j ) by B ij , where
is locally defined orthonormal frame field on M . G. Y. Jiang [3] showed the following.
m+1 be an isometric immersion having parallel mean curvature vector field with non-zero mean curvature. Then, the necessary and sufficient condition for φ to be biharmonic is
We consider the case of k-harmonic isometric immersion. First we show the next lemmas.
Lemma 3.2. Let φ : (M, g) → (N, h) be an isometric immersion of which the second fundamental form B is parallel, i.e., ∇ ⊥ B = 0, where ∇ ⊥ is the induced connection of the normal bundle T ⊥ M by φ. Then,
Proof. Let us recall the definition of
is an orthonormal basis with respect to h, of φ * T x M (x ∈ M ). Now let us calculate
Indeed, we have
and
is a local section of T ⊥ M , we have for the second term of the RHS of (7), for each fixed i = 1, . . . , m,
Substituting (8) into (7), we obtain this lemma.
Lemma 3.3. Under the same assumption as in Lemma 3.2, we have
Proof. Since h(B st , dφ(e j )) = 0, differentiating it by e i , we have
And we have
Here, using h(B st , dφ(∇ ei e j )) = 0, we get
Thus, (9) coincides with
And using h(B st , dφ(e j )) = 0, we obtain 0 =h(∇ ∇e i ei B st , dφ(e j )) + h(B st , ∇ ∇e i ei dφ(e j )) (11) =h(∇ ∇e i ei B st , dφ(e j )) + h(B st , ( ∇ ∇e i ei dφ)(e j )).
By (10), and (11), we have
where, Sdφ(X) = −( R(X, e k )dφ)(e k ),
and △dφ(e j ) = (dd
we obtain ( ∇ * ∇dφ)(e j ) = △ dφ(e j ) − Sdφ(e j ) (13)
Substituting (13) into (12), we get
Therefore, we obtain this lemma.
Lemma 3.4. Let φ : (M, g) → (N, h) be an isometric immersion into a Riemannian manifold with constant sectional curvature K, and second fundamental form of φ is parallel, Then,
Proof. Since the curvature tensor R N of (N, h) is given by
is tangent to φ * T M . By Lemma 3.3, we have
For all X ∈ Γ(T M ), we have
Similarly we have
Thus, we obtain
Repeating these steps, we get
Therefore, we obtain the lemma.
Using these lemmas, we show the next proposition.
Proposition 3.5. Let φ : M → S m+1 be an isometric immersion having parallel second fundamental form. Then, the necessary and sufficient condition for φ to be k-harmonic is
Proof. If we denote by ξ the unit normal vector field to φ(M ), the second fundamental form B is of the form B(e i , e j ) = ( ∇ ei dφ)(e j ) = h ij ξ. Then, we have τ (φ) = B(e i , e i ) = h ii ξ and ||B|| 2 = h ij h ij . Using Lemma 3.4, we get △ k τ (φ) = ||B|| 2k τ (φ). So we have
So φ is 2s-harmonic (s = 1, 2, · · · ) if and only if
Similarly, φ is 2s + 1-harmonic (s = 1, 2, · · · ) if and only if
Corollary 3.6. Let φ : M → S m+1 be a k-harmonic isometric immersion (k = 3, 4, · · · ) having parallel second fundamental form B = 0. If φ is biharmonic, then φ is harmonic.
Proof. By Proposition 3.5,
So we get the corollary.
We define (cf. [9] , [3] )
has the parallel second fundamental form, and φ satisfies that
Thus φ is proper k-harmonic if and only if
So we obtain two theorems.
m+1 is a proper k-harmonic map, where λ satisfies that
Especially, we have the next two results
There are no proper k-harmonic map.
k-harmonic submersion
In this section we generalize Oniciuc's results [1] . Let
be a parallel hypersurface of S n+1 , and the canonical metric ·, · on S n+1 . And let
be the set of all sections of the tangent bundle of S n (a).
Then,
is a unit section in the tangent bundle of S n (a) in S n+1 , where c > 0 and c
Thus η satisfies that
By a direct computation we obtain
where A is the shape operator, B the second fundamental form of S n (a) and ∇ ⊥ is the normal connection in the normal bundle of S n (a) in S n+1 . Now, we consider a Riemannian submersion ϕ : (M, g) → S n (a), the canonical inclusion i : S n (a) → S n+1 , and
The rank of φ is constant, equal to n. The next theorem was proved by C. Oniciuc [1] .
n+1 is not harmonic, and it is biharmonic if and
We generalize this theorem. 
(cf [1] ). Computing the tension field of φ we obtain
i.e., φ is not harmonic.
To simplify the notation, we denote the Levi-Civita connection
Here we obtain
and using (17) we obtain
So we obtain
Repeating these steps, we have
Substituting (25), (26), (27) and (28) into (5), we obtain Since the radial projection
is homothetic, a harmonic Riemannian submersion ϕ : (M, g) → S n becomes a harmonic Riemannian submersion ϕ : (M, a 2 g) → S n (a), and using the above theorem, we obtain a proper k-harmonic submersion φ : M → S n+1 . Especially we obtain the next corollary.
Corollary 4.5. The Hopf map ϕ :
induces a proper k-harmonic map.
Let n 1 , n 2 be two positive integers such that n = n 1 + n 2 and let r 1 , r 2 be two positive real numbers such that r 2 1 + r 2 2 = 1. Let ϕ j : (M j , g j ) → S nj (r j ) (j = 1, 2) be harmonic Riemannian submersions, and φ = i • (ϕ 1 × ϕ 2 ), where i : S n1 (r 1 ) × S n2 (r 2 ) → S n+1 is the canonical inclusion. C. Oniciuc [1] showed the following.
